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GARCH process

Volatility clustering of financial time series is more persistent than what
an ARCH model can capture in general, in the sense that the theoretical
autocorrelation of a squared ARCH(p) process with small/moderate value
of p is often less than that for real data in practice.

Definition (GARCH(p,q) process)

The generalised ARCH model of order p, q, or GARCH(p, q), is defined
by

xt = σtεt , σ2
t = α0 + α1x

2
t−1 + · · ·+ αpx

2
t−p + β1σ

2
t−1 + · · ·+ βqσ

2
t−q,

where {εt} ∼ IID(0, 1) with αp > 0 and αi ≥ 0, βj ≥ 0 for i < p, j < q,

and
∑max(p,q)

i=1 (αi + βi ) < 1.
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Fitting a GARCH model with Gaussian innovations
Assume Gaussian innovations εt ∼ i.i.d. N(0, 1). We then have

xt | Ft−1 ∼ N(0, σt).

Then, consider a standard decomposition of densities:

f (x1, . . . , xT ) = f (xT |xT−1, . . . , x1)f (xT−1|xT−2, . . . , x1) · · ·

=
( T∏

t=p+1

1√
2πσ2

t

exp
(
− x2t

2σ2
t

))
· f (xp, . . . , x1).

To maximise the joint density is to maximise

T∏
t=p+1

1√
2πσ2

t

exp
(
− x2t

2σ2
t

)
,

where values of σ2
t for t = p − q + 1, . . . , p are usually initialised as

σ2
t = x2t .
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