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Why partial autocorrelation?

Motivation

For a causal AR(p) process, the ACF typically decays geometrically
and can be noisy in finite samples, so it is not always easy to read off p
from an ACF plot.

Key idea

Measure the direct dependence between X; and X;_j after removing
(regressing out) the linear effect of the intervening variables.

Outcome

The PACEF is designed so that for a causal AR(p) model, it cuts off
after lag p (Proposition 2.14).



Best linear predictor

Definition (Best linear predictor)

Let Y, Xi,...,Xm be zero-mean random variables with finite variance.
The best linear predictor of Y in terms of X = (X1,..., Xp) is

N(Y | X1, Xm) = BiXo+ -+ BpXm = X6,
where §* = (85, ..., [},) minimises

E(Y — B1Xy — -+ — BmXm)?>  over (B1,...,Bm) € R™.

Past /future best linear predictors

For t € Z and h € N, define

XP o= N(Xe | Xee1, .o, Xeen), X = N(Xe | Xeq, - -+, Xean)-



PACF via best linear prediction

Definition (Partial autocorrelation)

Let (X¢)tez be a zero-mean weakly stationary process. For h € N, define
the partial autocorrelation at lag h by

Corr(Xi1, Xo) = p(1), h=1,

a(h) = 5 ~
Corr(Xp — XD, X = X)), h>2.

By weak stationarity, for h > 2 this can be written (for any t € Z) as

a(h) - COI‘r(XH_h — th:_;l)7 Xt o )?t(h—]_))



PACF cutoff for AR models

Proposition 2.14 (AR(p) cutoff)
If (X:) is a causal AR(p) process

Xe = g1 Xe—1 + -+ @pXe—p + 6, €x ~ WN(0,02),

then
a(p) = ¢p, a(h) =0 forall h>p+1.
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Equivalent definition of PACF (Yule—Walker form)

Equivalent definition (Equation (2.20))
Foreach heN, let B 4,..., B}, satisfy

v0)  (=1) - A=h+1)\ [Pra (1)

(1) 7(0) o A=hE2) | Bha | [ ()

L1 a-2) 2@ ) \gi,)
30

If T'[A] is invertible, then
a(h) = /B;,h'
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ARIMA(p, d, q)

Differencing operator

Let
véd.=(I-B), d>0,

so that (VdXt) is the d-th differenced series (with V.X; = X¢ — X¢—1).

Definition 2.15 (ARIMA(p, d, q))

We say that (X;) is an ARIMA(p, d, q) process (orders p,d,q > 0) if
(V9X,;) is a causal and invertible ARMA(p, q) process, i.e.

(I = B)*®(B)(X; — ) = ©(B)er,  er ~ WN(0,0?),

where the AR and MA polynomials ¢, © have degrees p, g and have no
common roots.

10 / 10



	Outline
	Partial autocorrelation (PACF)
	ARIMA processes

