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Asymptotic normality of sample ACF and PACF

AR(p): PACF cutoff

For a causal AR(p) process, α(h) = 0 for all h > p, and for each fixed h > p,

√
n α̂n(h)

d−→ N(0, 1).

MA(q): ACF cutoff

For an MA(q) process, ρ(h) = 0 for all h > q, and for each fixed h > q,

√
n ρ̂n(h)

d−→ N
(
0, 1 + 2ρ(1)2 + · · ·+ 2ρ(q)2

)
.
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Yule–Walker estimators

Yule–Walker equations for AR(p)

For a causal AR(p) process, the ACVF satisfies

γ(h) =

p∑
j=1

ϕjγ(h − j), h = 1, . . . , p, γ(0) =

p∑
j=1

ϕjγ(j) + σ2.

Method-of-moments estimators

Replacing γ(·) by γ̂n(·) gives

ϕ̂ = Γ̂
−1

γ̂, σ̂2 = γ̂n(0)− ϕ̂
⊤
γ̂,

where γ̂ = (γ̂n(1), . . . , γ̂n(p))
⊤ and Γ̂j,k = γ̂n(j − k). Also, ϕ̂p = α̂n(p) (sample

PACF at lag p).
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Yule–Walker estimators (cont.)

Theorem (causal AR(p))

If (Xt) is a causal AR(p) process built from i.i.d. white noise, then

√
n (ϕ̂− ϕ)

d−→ Np

(
0, σ2Γ−1), σ̂2 p−→ σ2,

where Γ ∈ Rp×p has entries Γj,k = γ(j − k) for j , k ∈ {1, . . . , p}.

Example (special case p = 1). If |ϕ1| < 1 and ϕ̂1 = ρ̂n(1), then

√
n (ϕ̂1 − ϕ1)

d−→ N(0, 1− ϕ2
1), CI95% : ϕ̂1 ± 1.96

√
1− ϕ̂2

1

n
.

For MA(1), solving ρ̂n(1) = θ̂/(1 + θ̂2) requires |ρ̂n(1)| ≤ 1/2 for a real-valued θ̂.
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