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Multivariate time series and weak stationarity

Let x¢ = (Xe1,. .- ,xt,\/)—r where t € 7 so that {x;} is an N-dimensional
time series with mean vector u, = E(x;) and covariance matrix

Cov(xe, xe) = E[(xs — ) (xe — 1) "] = (3i(5, )}y

Definition (Weak stationarity)
{x¢} is weakly stationary if
E(x;) =p and [, = Cov(x¢, X¢yr)

depend only on the lag 7, with finite entries. Write
I'T = (S,'J"T), S,'J"T = COV(Xty,',XH_.,-’j).
The correlation matrix at lag 7 is

pr = [diag(Fo)] /2T -[diag(Fo)] /2, r_.=rl.



White noise and VARMA process

Definition (Vector white noise)

{e+} is white noise if

N, 7=0,
E(e:) = p, Cov(er, eryr) = { °

0, 7#0.
We write €; ~ WN(pu, ).
Definition (VARMA(p, q))
An N-dimensional process {x;} is VARMA(p, q) if
X =0+ P14+ -+ Ppx_p+ €t +0O16:1+ -+ Oyer_g,
where e; ~ WN(0,T), ¢;,0; € RNXN “and ¢,,0, # 0.

Matrix polynomials:
PB)=Ily—®B—---—,B", O(B)=In+0©1B+---+0,B9.



VARMA process (cont.): Theorem 4.4 and causality

Theorem (Theorem 4.4)
If xe ~ VARMA(p, q) and all roots of

det(ly — ®1z—--- —d,zP) =0

lie outside the unit circle, then {x;} is weakly stationary.

Definition (Causality)

{x¢} is causal if it admits a one-sided VMA(o0) representation

o0 o0
xe=Y Viee;, YWl < oo,
Jj=0 Jj=0

so x; depends only on the current and past innovations.
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Yule-Walker estimator

For a mean-zero weakly stationary VAR(p),
Xt = P1xe1 + -+ Ppxe_p + €4, er ~ WN(O,TI),
the Yule-Walker equations are, for 7 > 1,
M=Trg®f + T ,0),

and at lag 0,
Mo=F{&] +- - +FJo] +T.

Hence 7 =1,..., p gives p matrix equations for ®1,...,®,.
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Yule-Walker estimator (cont.)

Define -
r Ofl
Frp)=1:1, ®pP=|":1].
rl o,
and the block Toeplitz matrix
o r;_
s _ r [ M,
p .
I-p—l rp—2 r0
Then

®(p) = X,'r(p), [=To—T(p) d(p)
For 7 > 0, estimate by
T—1

Z Xt — X) xH_T—x)

t=1
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Sample cross-correlation matrix (CCM)

For 7 > 0, start from the sample cross-covariance matrix

T—1

1
T
g Xt — X)(Xepr — X) ',

t=1

= =T . . .
and use _; = I_ for negative lags. Define the sample cross-correlation
matrix at lag 7 by

p- = [diag(Fo)]~Y/2T [diag(Fo)] /2.

Its (i,/) entry is
iy = 5,
jr= T
V/ Sii,05j5,0

so diagonal entries are sample ACFs and off-diagonal entries are sample
cross-correlations.
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Sample cross-correlation matrix (cont.)

If {x¢} ~ VMA(q) and |7| > g, then approximately

1 ;
Var(pjj ) = - <1 + 2 ZPv,ﬁMJj) :

v=1
In the white-noise case (g = 0), a rough 95% reference band is

1.96
+—.
1/7'
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