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ARIMA model: handling nonstationarity by
differencing

Integrated process

A series {x;} is called integrated of order d, written x; ~ I(d), if
AdXt =Yt
where {y;} is stationary.

Definition (ARIMA(p, d, q))
If the differenced series A9x; follows an ARMA(p, g) model, then

x¢ ~ ARIMA(p, d, q).

Equivalently,
®(B)(1—B)¥xt =a+0O(B)e:, e ~WN(0,02).

ARIMA and seasonal ARIMA models 4/18



Seasonality and multiplicative SARIMA

Let Vs = 1 — B® be the seasonal difference operator with period s.
Definition (Multiplicative seasonal ARIMA, SARIMA)
{xt} follows a seasonal ARIMA model if

dp(B5)D(B)VE(1 - B)¥x: = a + ©o(B°)O(B)e:,
where £, ~ WN(0, 02), which can be shorthanded as

x: ~ ARIMA(p, d, q) x (P, D, Q)s.
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Examples of (S)ARIMA models

> ARIMA(0,1,1):
(1-B)xt =a+ (1+6B)e:.

First differencing removes trend/nonstationarity, then MA(1) cap-
tures short memory.

> SARIMA(0,1,1) x (0,1,1);2:
(1—B)(1 —B?)x; = a+ (1+6B)(1+0B"%),.

Useful for monthly data with both local dependence and yearly sea-
sonality.
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Yule-Walker estimators for AR(p)

For a weakly stationary AR(p) with mean 0:
Xt = G1Xe—1+ -+ + QpXe—p + €1, €t ~ WN(O,oz),
the Yule-Walker equations are
Fop =7, 0 =s5-0'7,

where
¢:(¢17"'5¢P)T7 "}’p:(S]_,...,Sp)T.

5P

Replacing s by gives moment estimators

~ a—1 N ~T .
d):rp 7p7 0_2:§(()P)_¢ A/p'
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Asymptotic results of Yule-Walker estimators

Theorem (Asymptotic normality of Yule-Walker estimators)

For AR(p),
VT(d— @) S NO,02M5Y),  VT(6% - 0?) S N, 20%).

Theorem (Overfitting implication)

If the true order is p but we fit AR(h) with h > p, then for redundant
high lags (e.g. lag h):
VT dn & N(O,1).
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Sample ACF and PACF: practical significance bands

Theorem (Sample ACF/PACF significance bands)
ACF: for MA(q), if k > q,

VT e % N(o, 1+2zq:pf).

j=1
95% bands: white-noise case py ~ £1.96/\/T,; more generally
14230 2
px ~ £1.96 #.
PACF: under Hy (AR order < k), for j > k,
VT () S N(0,1),

giving an approximate 95% band :|:1.96/\/?.
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Motivation: stylized facts of volatility

For returns {r;}, volatility is usually modeled as conditional standard de-

viation:
Ot =/ Var(rt ’ ft—l)'

Empirically, many return series show:

1. Volatility clustering: high-volatility periods and low-volatility
periods cluster.

2. Continuity: volatility evolves smoothly over time.

3. Boundedness: volatility fluctuates in a stable range. Hence it is
usually stationary.

4. Leverage effect: volatility response is asymmetric for positive vs
negative shocks.
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ARCH(p)

Definition (ARCH(p))
The autoregressive conditional heteroscedastic model is

_ 2 _ 2 2
Xt = Ot€t, Oy = Qo +a1X; 1+ -+ ApXt_p»

where g ~i.i.d. (0,1), ag > 0, and «; > 0.

A common condition for covariance stationarity is

P
Z a; < 1.
i=1
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Properties of ARCH

» Uncorrelated returns: E(x;) = 0 and Cov(x¢, x;—r) = 0 for 7 > 0.

» Volatility clustering: large |x;| tends to increase future conditional
variance afﬂ.

» Not independent: even if x; is uncorrelated, {x;} is generally not
i.i.d.

» Dependence in squares: x? is serially dependent; ACF of squared
returns is informative.

For ARCH(1), 62 = ag + aix2_; implies stronger persistence when a7 is
larger.
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Limitation of ARCH and need for extension

In practice, volatility persistence is often stronger than what low-order
ARCH can capture. To fit long memory in volatility with ARCH alone,
one may need a large order p.

This motivates adding lagged conditional variances directly, leading to
GARCH.
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GARCH(p, g): motivation and definition

Definition (GARCH(p, q))

p q
2 2 2
Xt = OtEt, 0 = oo + E QiXi_j+ E :ﬁjat—jv
i=1 j=1

where ¢; ~i.id. (0,1), ag >0, o, 5j > 0.

A standard stationarity condition is

P q
ZO{,‘ + Zﬁj <1
i=1 j=1
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Practical notes on GARCH

» GARCH(1,1) is the workhorse model in empirical finance.

> It captures persistence in volatility better than simple ARCH.

» Squared returns under GARCH admit an ARMA-type representation.

» Standard symmetric GARCH does not fully capture leverage effects.
To model asymmetry/leverage, one often moves to EGARCH, GJR-GARCH, etc.
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