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Least squares estimator
For a mean-zero AR(p) model,
Xt = G1Xe—1+ + GpXe—p + €ty t=p+1,...,T.
Write
— _ T _ T
XF_F¢+€F7 XF_(Xp-‘rl)"-;XT) ) ¢_(¢1a"'7¢p) )

where F contains the lagged observations.

Forward least squares

dr = argmin(xr — F9)" (xr — F) = (F'F)'F 'xr.

(xF — F&F)T(XF - F&)F)

A2
9F = T—-2p

Remark: the least-squares fit need not satisfy the stationarity condition of the
AR(p) model.
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MLE estimator

Assume the Gaussian AR(1) model

i.i.d 2 —02
Xt = OXe—1 + €, e ~ N(0,07), XONN(O71—¢2>.

Log-likelihood

£(9,0%) ox — 1 10g(0) + 5 log(1 — %) — 55 S(6),

where

S(9) = (L= )G + Y _(xi — ¢xi1)*

i=1

Exact MLE maximises (¢, 2). Conditional MLE conditions on xp and minimises

n

S*(¢) =D (6 — ¢xi1)>.

i=1
For large n, conditional MLE is close to exact MLE and matches least squares.
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AlIC
Definition (Akaike’s Information Criterion)

AIC(m) = —2lmax + 2m,

where fnax is the maximised log-likelihood and m is the number of esti-
mated parameters.

For ARMA(p, q)

Under Gaussian conditional likelihood, a common choice is

m=p+q+1,

where the extra 1 corresponds to the innovation variance o2.
Fit several candidate models and choose the one with the smallest AIC.

Remark: AIC balances goodness of fit against model complexity.
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Ljung-Box-Pierce

After fitting a time-series model, the residuals should behave like white noise.
Let p; be the sample ACF of the fitted residuals.

Portmanteau tests

k A2
5 _ Pj
Q= T(T+2); T

is the Ljung-Box statistic, while
k
Q=T %
j=1

is the Box-Pierce version.

If m parameters are estimated, compare the test statistic to Xi—m-
Remark: a large statistic or a small p-value indicates that the residuals are not
white noise.
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Best estimator (Theorem 3.5)

Definition (MSPE)

For an (-step predictor x¢(¢) of x;1¢,

MSPE (x(£)) = E[(x(£) — xe¢)?]-

Theorem (Theorem 3.5)

Among all predictors measurable with respect to the information up to
time t, the conditional mean

xt(€) = Ee(xer0)
minimises the mean square prediction error.

Remark: under squared-error loss, the optimal forecast is always the con-
ditional expectation.
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Prediction equations (Theorem 3.6)

Consider linear predictors of the form

t
x:(0) = o + Z Xk
k=1

Theorem (Theorem 3.6)
x¢() is the best linear predictor of xyy¢ if and only if
E[(x(€) — xe4e)x] =0, j=0,1,...,t,
where xo = 1.
After demeaning, ag = 0, and for a stationary process the equations become
St4o—j = Q1Sj_1 + -+ Q;Sj_, j=1,...,t,
or equivalently
v =T, Yo = (se5 - ,5t+é—1)T, r= (5|i—j|)f,j:1~
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(-step prediction variance

Suppose a stationary ARMA process has MA(co) representation
Z/lpkgt k — B)Et7 Et ~ i.i.d. (070'2).
Then the best ¢-step predictor is

xt(0) = E¢(xe40) = ij_"_est_j.
Jj=0

Hence
-1
Xt4e — xt(ﬂ) = Z YkEtro—ks
k=0
and therefore
-1
02(6) = E[(Xt+e - Xt(f))z] =0’ Z"l)i
k=0

Remark: the first £ MA coefficients determine the ¢-step forecast uncertainty.
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Relating x;(/) to x;

If the process is also invertible, then
er = V7 1(B)x;.
Define -
VO(2) =Y g, xe(t) = V(B
i=0

Therefore
x:(£) = VO(B)WY(B)x,.

With /£ fixed, the forecast sequence is itself a filtered process:
x(0) = GOB)x,,  GO(2) = WO ()W71(2).

Remark: in practice, plug in parameter estimates and truncate the infinite filter
at a sufficiently large lag.
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